A single server queue with feedback and multiple customer classes is analyzed.
i. INTRODUCTION
Many service facilities can be modeled as a feedback queue such as shown in Figure i . Of interest in this paper is a single-server queue with infinite waiting room and Q types of customers.
The arrival process of type q customers is an independent Poisson process (q = i, 2, ..
. Q). Each new arrival joins
the end of the queue. The customer at the head of the queue receives from the server a round of service, which is an independent exponentially distributed random variable with mean i/~ seconds. After receiving a round of service, a customer may depart or rejoin the end of the queue for more service.
The number of rounds of service required by a type q customer is a random variable with a general probability distribution {a (q) , r = i, 2, .. R} where a (q) is the probability of a type q customer requiring exactly r r "' r rounds of service.
The queue length distribution of the above model is readily available since the feedback queue
described is an open queueing network satisfying local balance [i] . The contribution of this paper is to characterize response time distributions of the different types of customers; specifically, we solved for the conditional response time distributions of an arbitrary customer requiring r rounds of service for r = i, 2, ..., R.
Permission to copy without fee all or part of this material is granted provided that the copies are not made or distributed for direct commercial advantage, the ACM copyright notice and the title of the publication and its date appear, and notice is given that copying is by permission of the Association for Computing Machinery. To copy otherwise, or to republish, requires a fee and/or specific permission. Aside from the quantum size assumption, our model is more general than those of [4, 5] 
Our model is also different from the feedback queue model of Tak~cs [6] . In his model, each round of service can have a general distribution. However, he considered one type of customers only and the number of rounds of service required by a customer is geometrically distributed; in other words, after each round of service, a customer always departs with probability (l-p) and rejoins the end of the queue with probability p (memoryless behavior).
The original motivation of this work stems from our efforts to characterize the response time in a network of queues. For a network of FCFS queues that satisfies local balance, J. Wong [7] found the response time distribution of customers traversing loop-free paths. Our results in this paper represent efforts to understand the response time behavior along paths with loops in the simplest form of queueing networks satisfying local balance.
Assumptions and definitions
Consider the following example of 2 types of customers. We shall only consider steady-state results. For a single-server queue, stationarity is assured if R the traffic intensity p < I where p = [ Yr(r/~); see Cohen [8] .
r=l Customers in the queue are differentiated into R different classes; class k consists of all those customers in the queue with exactly k more rounds of service to go, where k = i, 2, ..., R.
Let us follow the progress of a "tagged" customer and introduce some more notation.
Upon his initial arrival, the tagged customer finds n k class k customers in the queue (k = i, 2, ..., R). The system state thus found at an arrival instant is denoted by n = (nl, n2, ..., n R) and is described by the moment generating function
where z is the shorthand notation for (Zl, z2, ,.., ZR).
At the end of the tagged customer's r th round of service (given that he requires at least r rounds), let the system state at that instant be denoted by m(r)= (m~ r), m~ r), ..., 4 r)) where 4 r) is the number of customers who have exactly k more rounds of service to go. Define M (r)= ~ 4 r). k=l
In order to characterize Tr(S), we shall need to first characterize the joint distribution of t and m (r) which is described by r -, -st m~ r) m~ r) ml~r) 
P(~)
Recall that n k is the number
The aggregate arrival rate of customers (3) and (5), (7) holds for r = 0 with P0(s) = i and Qk,0 (s) = Pk for i < k < R. Assuming that (7) holds for r, we use (6) and (4) to express Ur+l(S, z_) as follows.
Thus, the form of (7) is maintained, and it is evident from the above that 
From the above, we obtain Tr(S) for r = i, 2 and 3 by letting z = 1 in Ur(S , z).
We note that the solutions for Ur(S , _z) and Tr(S) become quite complex if one tries to solve for Pr(S) and Qk,r(S) explicitly using the matrix equation (8) 
Proof. By (5), (ii) holds true for r = 0. Assume that (ii) holds true for some r so that Ur(0, ~) = P (~). By (3), (6) and the induction hypothesis,
The last equality is obtained using the following relationships:
X k %1 R Yi and Pk = ~--+ Pk+l for i < k < R-I.
The moments of t r can be obtained from the moment generating function of t 
.
where Var(tr) is the variance of t r and E[t r mR+ 1 is zero, with the initial condition
The above theorem is proved by taking derivatives of (6), using the moment generating properties of transforms; (ii) and (13) 
The probability
The probability is plotted versus p in Figures 2 and 3 for Examples I and 2 respectively, For comparison, we have plotted two additional curves in Figures 2 and 3 . One is the standard deviation of the response time versus p of an arbitrary job for our feedback queue (a round-robin system).
The other is the standard deviation of the response time of an arbitrary job in a FCFS system (no feedback; a customer requiring r rounds of service gets all of them at the same time).
In both examples, the FCFS system gives rise to a smaller standard deviation for the response time of an arbitrary customer than the round-robin system.
In Figure 2 , note that all customers require r=19,20 or 21 rounds of service.
(The r=l and r=lO curves correspond to no customers.) Therefore, FCFS gives rise to a smaller standard deviation for the response time of all customers than round-robin.
In Figure 3 , the standard deviation of t for small values of r is smaller than the FCFS standard r deviation at the same P. The exact crossover point depends upon P.
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